Consider the natural action of a subgroup H of GL(n, Z) on T".
We relate the //-invariant finitely additive measures on (Tn,£) where Ü is the class of all Lebesgue measurable sets, to invariant subtori C such that the //-action on either C or Tn/C factors to an action of an amenable group. In particular, we conclude that if H is a nonamenable group acting irreducibly on Tn then the normalised Haar measure is the only //-invariant finitely additive probability measure on (Tn,£) such that ß(R) = 0, where R is the (countable) subgroup consisting of all elements of finite order; this answers a question raised by J. Rosenblatt. Along the way we analyse //-invariant finitely additive measures defined for all subsets of Tn and deduce, in particular, that the Haar measure extends to an //-invariant finitely additive measure defined on all sets if and only if H is amenable.
In [4] J. Rosenblatt characterises the normalised Haar measure on T™ (the ndimensional torus), where n > 2, as the only finitely additive probability measure defined on the class of all Lebesgue measurable sets which is absolutely continuous with respect to the Haar measure and invariant under the usual action of SL(n, Z) as a group of automorphisms of T". This suggests two questions: (i) Is the absolute continuity condition necessary in the characterisation?
(ii) Which proper subgroups of SL(n, Z) could be substituted for SL(n, Z) in the above assertion?
The first question was raised in [4] in the following specific form: Is it possible to replace the absolute continuity condition by the condition that the subgroup R of T", consisting of elements of finite order, have zero measure? The second question is motivated by the fact that some examples of such subgroups are implicit in the arguments in [4] ; e.g. a free nonabelian subgroup acting freely on nontrivial characters under the adjoint action, etc. In this note we obtain a complete answer to both questions in a combined form (see Theorems 1 and 4 below).
A related problem is to describe, given a subgroup H of the automorphism group of T", all ¿/-invariant finitely additive probability measures p defined on (Tn,P(Tn)), where P(Tn) is the class of all subsets of Tn. It is well known that given an action of an amenable group there exist invariant finitely additive probability measures defined on the class of all subsets (cf. [3, Theorem 5.1] ). Our results show that for an automorphism group H of T™ any /i as above arises from an //-invariant subtorus C on which the //-action factors to an action of an amenable group; /i is then concentrated on the set {x G Tra|xr G C for some r} (cf. Theorem 2.4). A particular consequence of this is that the Haar measure on T™ extends to an //-invariant finitely additive measure defined on all sets if and only if H is amenable (cf. Corollary 2.6). It may be noted that an analogous result holds for subgroups of the orthogonal group 0(n) acting on 5"_1 (cf. [6, Theorem 5] ).
Let T™ be the n-dimensional torus where n > 2, £ the cr-algebra of all Lebesgue measurable sets, and m the normalised Haar measure on (T™, £). We consider the action of GL(n, Z), the group of integral n x n matrices of determinant ±1, as the group of all (continuous) automorphisms of Tn. Let H be a subgroup of GL(n, Z). Let C be a subgroup of Tn invariant under the //-action (obtained by restriction). We denote by H(C) the group of all automorphisms of C obtained by restriction of actions of elements of H to C. Also, given an //-invariant closed subgroup C, the //-action of T" factors to an //-action on the torus T"/C, again as a group of automorphisms.
We denote by H(Tn/C) the group of automorphisms of T"/C which are factors of elements of H. We note that H(C) and H(Tn/C) are factor groups of H by subgroups consisting of elements whose induced action (on C or T"/C, respectively) is trivial. Our main result can be stated as follows: 1. THEOREM. Let H be a subgroup of GL(n, Z). Suppose there exists an Hinvariant finitely additive probability measure ii on T" defined for all Lebesgue measurable sets and such that fi ^ m. Then there exists an H -invariant proper subtorus (closed connected subgroup) C ofTn such that at least one of the following conditions holds: either (i) H(Tn/C) is amenable, or
(ii) H(C) is amenable and ii(R(C)) > 0 where R(C) = {x G T"|xr G C for some r}.
The action of a subgroup H of GL(n, Z) on Tn is said to be irreducible if there does not exist any proper nontrivial subtorus which is //-invariant.
Following are some examples of subgroups acting irreducibly:
(a) SL(n, Z), (b) Sp(n, Z), the subgroup consisting of symplectic matrices with integral entries, where n is even, (c) SO(Q)z, where Q is an indefinite quadratic form with integral coefficients and SO(Q)z is the subgroup of SL(n, Z) of elements leaving Q invariant, (d) More generally if G is a semisimple algebraic subgroup of GL(n, C) defined over Q and acting irreducibly on C" then G D SL(n, Z) acts irreducibly on Tn. We also note that all of these subgroups are nonamenable.
For such subgroups we have the following. In §5 we shall also give an action of SL(2, Z) on T", for any n > 2, such that m is the only invariant finitely additive probability measure \i for which ß(R) = 0, with R as in Corollary 2.
We also prove the following theorem which shows that situations as in conditions (i) or (ii) indeed give rise to measures other than m. (ii) If H(C) is amenable there exists an H-invariant finitely additive probability measure p, such that p(R(C)) = 1 and p(R(D)) -0 for any closed subgroup D of smaller dimension than C.
In view of the role played by the notion of amenability in these questions, it may be worthwhile to recall here a result of J. Tits [5] that any subgroup of GL(n, C) either contains a free nonabelian subgroup or contains a solvable subgroup of finite index; it is amenable if and only if the latter holds. We do not, however, need this characterization in any of the proofs. Since the present paper was written the author has been able to prove an analogue of Theorem 2.4 for a large class of group actions, including the actions of subgroups of the isometry groups of spheres; in particular, the conjecture on p. 81 in [6] is proved. That method however does not apply to the case at hand. The details will appear elsewhere.
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1. Isotropy subgroups of actions of Tn and Z". Let C" and Rn be the spaces of n-rowed column vectors with complex and real entries respectively. We have two actions of GL(n, C), the general linear group on Cn: the natural action by left multiplication and the contragradient action under which the action of A G GL(n, C) consists of left multiplication by tA~1 (where ' denotes 'transpose'). These we denote by p and a respectively.
We note that both these are algebraic actions of the algebraic group GL(n, C). A related simple observation that we need is that the isotropy subgroup of any z G Cn under either of the actions is an algebraic subgroup of GL(n, C).
The actions p and o restrict to actions of GL(n,R) on Rn; we shall denote restrictions by the same symbol as the original. Let Zn be the subgroup consisting of the column vectors with integral entries. The subgroup GL(n, Z), consisting of integral matrices with determinant ±1, leaves Zn invariant under either of the actions.
Let Tn = Rn/Zn. On Tn we shall invariably have the action of GL(n,Z) obtained as the factor of the natural action p; i.e. A(v + Z") = Av + Zn for all v G R" and A G GL(n, Z). On the other hand, unless stated otherwise by the GL(n, Z)-action on Z™, we shall always mean the restriction of the contragradient action o.
Let X be the character group of T". Then the GL(n, Z)-action on Tn induces an adjoint (left) action of GL(n, Z) on X given by the formula A(~/)(x) = i(A~l(x)) for all x G T", 7 G X and A G GL(n, Z). The character group X is isomorphic to Z" (which we view as n-rowcd integral column vectors) and, for an appropriate (canonical) choice of the isomorphism, the adjoint action of GL(n, Z) on X corresponds to the contragradient action on Zn described above. This is the reason for the convention adopted above.
In the sequel, for any subgroup S of GL(n, Z) and x G T™ or Zn, we shall denote by Sx the isotropy (stabiliser) subgroup of the S-action obtained by restriction of the GL(n. Z)-action on the respective space as specified earlier.
Given a nonamenable subgroup H of GL(n, Z) we would like to isolate a class of subgroups of H which are 'minimal' nonamenable in a certain sense-see the class M{H) defined below. Let H be a nonamenable subgroup of GL(n, Z); this we fix through §1. For any subgroup S of GL(n, Z) let Z(S) denote the smallest algebraic subgroup of GL(n, C) containing S (viz. the Zariski closure of S). Put )4(H) = {Z(S)\S a nonamenable subgroup of //}.
Being a family of algebraic subgroups, M(H) admits minimal elements; any element of M(H) contains a minimal element. Put (1.1) .M(//) = {S|S a nonamenable subgroup of H such that Z(S) is minimal in N(H)}. PROOF. Let Cx denote the closed subgroup of T" generated by x and let Cx be the connected component of the identity in Cx. Then Cx is of finite index in (",. say r. Put y = xr. Since S acts as group automorphisms, Sx C Sy. Since any subgroup of an amenable group is amenable, it is enough to prove that either S;y = S or Sy is amenable. But A G Sy if and only if A fixes each element of the subtorus Cx. Also A G GL(n, Z) fixes each element of a subtorus D if and only if under the (natural) action p on R7', A fixes each element of the unique subspace W of R" such that W + Zn = D. Combining these observations we deduce that Sy = S (1Z for some algebraic subgroup Z of GL(n, C). But then Sy = S PI Z(Sy).
The argument can now be completed as in Lemma 1.2.
In the sequel, for any subgroup Q of GL(n. Z) we put E(Q) = {x G Zn|Q fixes x}, (1.4) F(Q) = {x G Tn\Q fixes xr for some r}.
Each E(Q) is the intersection with Z™ of a subspace in Rn. Hence the intersection of E(Qa), where {Qa} is any family of subgroups of GL(n, Z), coincides with the intersection of suitably chosen finitely many £(QQ)'s. We now prove a similar result for F(Q)'s. Each In this section we study Hinvariant finitely additive measures defined for all subsets of Tra. For any set E we denote by P(E) the class of all subsets of E, and by B(E) the space of all bounded complex-valued functions on E. If p is a finitely additive probability measure on (E,P(E)) then we get a mean (p^ on B(E) by putting <Pft(f) = f f dp for all / G B(E) (cf. [1] for the definition of the integral). We recall the following lemma from [4] (cf. [4, Proposition 3.5]).
2.1 LEMMA. Let G be a group acting on a set E and suppose there exists a Ginvariant mean on B(E). Suppose also that the isotropy subgroup of each element of E is amenable. Then G is amenable.
In the sequel, if <p is a mean on B(E) then <f(A), where A is a subset of E, denotes <p(xa), where \A is the characteristic function of A on E. Also let other notations, viz. M(H), E(Q), F(Q), R(C), etc. be as in §1. From Lemma 2.1 we deduce the following. PROOF. We give the proof for X = T". The proof for the other case is similar. We first claim that for any S G M(H), ip(X -F(S)) -0. Suppose otherwise; then the map / ^ <p(f)l<p(X -F(S)) for all / G B(X -F(S)) defines an Sinvariant mean on B(X -F(S)). Also by Lemma 1.3 the isotropy subgroup of any x G X -F(S) under the S-action is amenable. By Lemma 2.1 these two assertions imply that S is amenable-which is a contradiction. Hence <p(X -F(S)) = 0 for all Hence, <p(F(N)) = 1.
S G M(H). Since N is generated by {S G M(H)}, we obtain F(N) = ¡f\{F(S)\S
2.3 COROLLARY. Let H be a nonamenable subgroup of GL(n, Z) and let p be an H-invariant finitely additive probability measure on (Tn,^(Tn)). Then there exists an H-invariant proper subtorus C ofTn such that p(R(C)) -1.
PROOF. Let <p = <pß be the mean on JB(Tn) corresponding to p. Since H is not amenable, the subgroup N generated by {S G M(H)} is a nontrivial normal subgroup of H. But, by Proposition 2.2, ip(F(N)) = 1, that is, p(F(N)) = 1.
But, as noted earlier, F(N) = R(C), where C is the connected component of the subgroup of elements of T" which are pointwise fixed by N. Since N is nontrivial, C is proper, and since N is normal, C is //-invariant.
2.4 THEOREM. Let H be a subgroup o/GL(n, Z) and let p be an H-invariant finitely additive probability measure on (T", P(Tn)).
Then there exists an Hinvariant subtorus C o/Tn such that H(C) is amenable and p(R(C)) = 1.
PROOF. If H is amenable we may choose C = T". Now suppose H is nonamenable.
By Corollary 2.3 there exist proper //-invariant subtori D such that //(/?(£>)) = 1. Let C be a proper //-invariant subtorus of minimum possible dimension such that p(R(C)) = 1. We prove that H(C) is amenable.
For each x G R(C) let r(x) = minjj' G N|xJ G C}. For each subset A of C put
It is easy to see that p! is an //(C)-invariant finitely additive probability measure on C. Suppose H(C) is not amenable. Then applying Corollary 2.3 to the measure p' on C (defined in fact for all subsets), we deduce that there exists a proper //-invariant subtorus D of C such that p'({x G C\xJ G D for some j}) = 1.
In other words p(R(D)) = 1; but this contradicts the choice of C. Hence H(C) is amenable. there exists an //-invariant finitely additive measure p extending A; that is, such that p(A) = A (A) for all A G £. Conversely, let p be an //-invariant finitely additive probability measure on (Tn, P(Tn)) extending A. By Theorem 2.4 there exists an //-invariant subtorus C such that H(C) is amenable and p(R(C)) = 1. Since p extends A we have X(R(C)) = 1, which implies C = Tn. Hence H = H(Tn) is amenable.
We next prove the following converse of Theorem 2.4 (and Corollary 2.5); it covers Theorem 4 under condition (ii).
THEOREM. Let H be a subgroup of GL(n, Z). Let C be an H-invariant subtorus of Tn such that H(C) is amenable.
Then there exists an H-invariant finitely additive probability measure p on (T™, P(Tn)) such that and Cs/C is the subgroup of R(C)/C generated by all elements of order < s. Then each Cs is //-invariant and R(C) -\JCS. It is straightforward to verify that for any s the restriction homomorphism ß: H(CS) -> H(C) (ß(A) for any A G H(CS) is the restriction of A to C) has finite kernel. Since ß is surjective and H(C) is amenable this implies H(CS) is amenable for any s (cf. [1] ). Hence by a result of J. Mycielski (cf. [3, Theorems 5.1 and 6.1]) for each s there exists an r7(Cs)-invariant finitely additive probability measure vs on (Cs, P(CS)) such that us(A) = 0 for any set which is of first category in Cs, and us (xC) = N~l for all x G (7.,, where Ns is the index of C in Cs-For each s let ps be the finitely additive probability measure on (Tn,P(Tn)) defined by ps(E) = ùs(EnCa) for all E G P(Tn). Then each ps is //-invariant. Now let <ps be the mean on B(Tn) corresponding to pg, that is, ips(f) = f f dps. The space of means is compact with respect to the weak*-topology (cf. [1] ). Let <p be a limit point of {^s}. Then ¡p is an //-invariant mean on B(Tn).
Let p be the finitely additive probability measure on (Tn, P(Tn)) defined by p(A) = <p(A), A G P(Tn). Then clearly p(R(C)) = 1. For any proper subtorus D of C, ps(R(D)) -0 for all s and hence p(R(D)) = 0. Finally, it is obvious that if A = {x|xJ G C for j < s}, then pt(A) < Ns/Nt, in the above notation, so p(A) = 0.
3. Absolutely continuous invariant measures.
We now proceed to prove Theorem 1. In view of Corollary 2.5 we need to prove it only under the additional hypothesis that p be absolutely continuous with respect to m. The following lemma shows we may further assume that the //-action on T™ is ergodic, or, equivalently, that there is no countably additive //-invariant absolutely continuous measure on T" other than m. Further, X is clearly a finitely generated abelian group and, hence, every orbit of the //-action being finite implies that a subgroup Hq of finite index in H fixes X pointwise. Thus if C = annX = {x G T"|7(x) = 1 for all 7 G X} then C is a proper closed //-invariant subgroup of Tn and H(Tn/C) ~ H/H0 is finite. Also it is evident from the definition that Zn/X has no torsion elements, so, by duality C is connected, as required. Now suppose H is a subgroup of GL(n, Z) acting ergodically on Tn and let p be an //-invariant finitely additive probability measure on T" absolutely continuous with respect to m, but p =¿ m. In this case the map / 1-> f f dp, for all bounded Lebesgue measurable functions, induces an //-invariant mean t¡> on L°°(Tn, £,m) different from the Haar integral. As noted in §1 we identify Z™ as the character group of T" and the (contragradient) GL(n, Z)-action as the adjoint (left) action on the character group. Then given a mean i\) as above, by a theorem of Rosenblatt (cf. Let VF be a minimal //-invariant subspace of R" with the property ip(WC\Zn) = 1. Let C C Tn be the annihilator subgroup of W<~\ Z". Then C is a closed connected //-invariant subgroup of Tn and VF n Z™ is the character group of Tn/C. Since 0 = <p({0}) < <p{W n Zn) = 1, W fl Zn ± {0} and hence, by duality, C is a proper subgroup of T". We claim that assertion (i) is satisfied for this subgroup C. By changing notation we may view Tn/C itself as the original torus Tn and H(Tn/C) as the original subgroup H (which we would now like to prove to be amenable).
This entails replacing W n Zn as above by Z™, and we get an //-invariant mean on B(Zn) such that <p({0}) = 0 and, further, ip(U D Zn) < 1 for any proper //-invariant subspace U of R". Suppose H is not amenable. Let N be the subgroup generated by {S G M(H)} (cf. §1); then N is a nontrivial normal subgroup of H. Also by Proposition 2. It is easy to verify that A consists precisely of sets from C and their complements in Tn. We also note that if C G C, then T" -C does not belong to C; otherwise there would exist finitely many elements h\,h2,... ,hr in H such that m(T" -\Jrx hi A) = 0, which is impossible since A is a closed nowhere dense set. Hence on A we can define a finitely additive probability measure po by setting po(A) -0 if A G C and Po(A) = 1 if Tn -C G C Notice that po is //-invariant.
Since H is amenable Theorem 5.1 in [3] implies that po extends to an //-invariant finitely additive probability measure on (Tn, P(Tn)). Let p be its restriction to (Tri, £). Since p extends po and po(E) = 0 for all E G M, we conclude that p is absolutely continuous with respect to m. On the other hand p ^ m since p(A) = 0 < m.(A). Thus p has the desired properties. Proposition 4.1 can also be proved by constructing an 'asymptotically invariant sequence of sets' and then using the correspondence as in [4] . The author had originally followed this approach.
The author is thankful to S. Wagon and J. Mycielski for suggesting the present proof, which is shorter and more direct.
PROOF OF THEOREM 4. In view of Theorem 2.7 we need to prove Theorem 4 only under condition (i); that is, H(Tn/C) amenable, with H and C as in the statement of the theorem. By Proposition 4.1 there exists an //(T"/C)-invariant finitely additive probability measure pc on Tn/C defined for all Lebesgue measurable sets of T"/C and absolutely continuous with respect to, but different from, the normalised Haar measure on Tn/C.
Let Ac-denote the normalised Haar measure on C. We define a finitely additive probability measure p on (T", £) as follows: Let E G £ and let \E be the characteristic function of E. Then there exists a Lebesgue measurable set N ofTn/C such that pc(N) = 0 and, for all x G T" such that xC £ N, Xe(xÍ) is a measurable fonction of i G C. Further, putting MxC) = í IXE(xt)dXc(t) iixC£N, I 0 otherwise, defines a Lebesgue measurable function i¡>e on Tn/C. Put p(E) = f t/jg dpc-Using the fact that pc is absolutely continuous, it is easy to see that p is a finitely additive probability measure. It is also straightforward to check that p is //-invariant and absolutely continuous with respect to m. Finally, p ^ m since the two do not even coincide on all C-invariant sets.
Conclusions and comments.
The simplest application of Theorem 1 arises when there is no nontrivial proper subtorus C invariant under //, that is, when H acts irreducibly.
In this case we get Corollary 2. On the other hand if H is a subgroup of GL(n, Z) such that the 'adjoint' or, equivalently, the contragradient action on Z™ -(0) is free, then clearly for any proper //-invariant subtorus C, H(Tn/C) is isomorphic to //. This immediately leads to Corollary 3.
Consider next the action of SL(2, Z) on Tn, n > 2, defined as follows. If n is even, n = 2p say, consider T" as T2 where on the components we have actions as above.
It may be noted that the adjoint action of the above SL(2, Z)-action on Tn is not free. However we have the following. 5.1 PROPOSITION. Consider the SL(2,Z)-action on T", n > 2, as defined above. Let p be an SL(2, Z)-invariant finitely additive probability measure defined on (Tn, £). Then either p = m (the normalised Haar measure) or p(R) > 0, where R is the set of elements of finite order in Tn.
PROOF. Any proper invariant subtorus C arises only by setting a certain number of components to be the identity. For any such nontrivial C, H(C) and H(Tn/C) are isomorphic to either SL(2,Z) or SL(2, Z)/{±/}, where / is the identity matrix; therefore they are never amenable (cf. [1] ). The proposition therefore follows immediately from Theorem 1.
More generally if H is a subgroup of GL(n, Z) whose action on Tn is completely reducible (that is, there exist //-invariant subtori Ci,...,Cfc such that Tn = CXC2-■ -Ck and the //-action on each C¿ is irreducible), then a similar analysis is possible. The analogous conclusion holds if for each i the restrictions of elements of H to Ct constitute a nonamenable subgroup.
